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BOUNDING COHOMOLOGY ON A SMOOTH PROJECTIVE SURFACE WITH
PICARD NUMBER 2
SICHEN LI
ABSTRACT. The following conjecture arose out of discussions between B. Harbourne, J.
Roé, C. Cilberto and R. Miranda: for a smooth projective surface X there exists a positive
constant cX such that h
1(OX(C)) ≤ cXh
0(OX(C)) for every prime divisorC onX . When
the Picard number ρ(X) = 2, we prove that if either the Kodaira dimension κ(X) = 1 and
X has a negative curve orX has two negative curves, then this conjecture holds forX .
1. INTRODUCTION
In this note we work over the field C of complex numbers. By a (negative) curve on
a surface we will mean a reduced, irreducible curve (with negative self-intersection). By a
(−k)-curve, we mean a negative curve C with C2 = −k < 0.
The bounded negativity conjecture (BNC for short) is one of the most intriguing problems
in the theory of projective surfaces and can be formulated as follows.
Conjecture 1.1. [2, Conjecture 1.1] For a smooth projective surface X there exists an inte-
ger b(X) ≥ 0 such that C2 ≥ −b(X) for every curve C ⊆ X .
Let us say that a smooth projective surface X has
b(X) > 0
if there is at least one negative curve on X .
The main aim of the short note is to study the following conjecture, which implies BNC
(cf. [4, Proposition 14]).
Conjecture 1.2. [1, Conjecture 2.5.3] Let X be a smooth projective surface. Then there
exists a constant cX > 0 such that h
1(OX(C)) ≤ cXh
0(OX(C)) for every curve C on X .
On the other hand, the authors of [1] disproved Conjecture 1.2 by giving a counterexample
with a large Picard number (cf. [1, Corollary 3.1.2]). However, they pointed out that it could
still be true that Conjecture 1.2 holds when restricted to rational surfaces (cf. [1, Proposition
3.1.3]). On the one hand, there exists a new evidence of BNC (cf. [9, Theorem 1.6]). This
motivates us to consider that whether Conjecture 1.2 is true for X when the Picard number
ρ(X) = 2 and b(X) > 0.
2010Mathematics Subject Classification. primary 14C20 .
Key words and phrases. bounded negativity conjecture, bounding cohomology, Picard number 2.
1
2 SICHEN LI
Below is our main theorem.
Theorem 1.3. Let X be a smooth projective surface with Picard number 2. If the Kodaira
dimension κ(X) = 1 and b(X) > 0 or X has two negative curves, then Conjecture 1.2
holds forX .
Remark 1.4. In [9, Claim 2.11], we give a classification of a smooth projective surface X
with ρ(X) = 2 and two negative curves.
2. PRELIMINARIES
We first recall the following question posed in [4].
Question 2.1. [4, Question 4] Does there exist a constant m(X) such that (KX ·D)
D2
< m(X)
for any effective divisorD withD2 > 0 on a smooth projective surface X?
If Conjecture 1.2 is true for a smooth projective surface X , then X is affirmative for
Question 2.1 (cf. [4, Proposition 15]). This motivates us to give the following definition.
Definition 2.2. Let X be a smooth projective surface.
(1) For every R-divisorD withD2 6= 0 on X , we define a value of D as follows:
lD :=
(KX ·D)
max
{
1, D2
} .
(2) For every R-divisorD withD2 = 0 on X , we define a value of D as follows:
lD :=
(KX ·D)
max
{
1, h0(OX(D))
} .
The following is a numerical characterization of Conjecture 1.2.
Proposition 2.3. Let X be a smooth projective surface. If X satisfies the BNC and there
exists a positive constant m(X) such that lC ≤ m(X) for every curve C on X and D
2 ≤
m(X)h0(OX(D)) for every curve D with lD > 1 and D
2 > 0 on X , then X satisfies
Conjecture 1.2.
Proof. Take a curve C on X . Note that by Serre duality (cf. [5, Corollary III.7.7 and
III.7.12]), h2(OX(C)) = h
0(OX(KX − C)) ≤ pg(X). As a result,
h2(OX(C))− χ(OX) ≤ q(X)− 1. (2.1)
Here, pg(X) and q(X) are the geometric genus and the irregularity of X respectively.
Our main condition is the following:
(*) There exists a positive constant m(X) such that lC ≤ m(X) for every curve C on X
and D2 ≤ m(X)h0(OX(D)) for every curveD with lD > 1 and D
2 > 0 onX .
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We divide the proof into the following three cases.
Case (i). Suppose C2 > 0. Then by Riemann-Roch theorem (cf. [5, Theorem V.1.6]),
h1(OX(C)) = h
0(OX(C)) + h
2(OX(C))− χ(OX) +
C2(lC − 1)
2
. (2.2)
If lC ≤ 1, then Equation (2.1) and (2.2) imply that h
1(OX(C)) ≤ h
0(OX(C)) + q(X)− 1,
which is the desired result by cX := q(X). If lC > 1, then Equation (2.1) and (2.2) and the
condition (*) imply that 2h1(OX(C)) ≤ (m
2(X)−m(X) + 2)h0(OX(C)) + 2(q(X)− 1),
which is the desired result by 2cX := m
2(X)−m(X) + q(X).
Case (ii). Suppose C2 = 0. Then by Riemann-Roch theorem,
2h1(OX(C)) = 2h
2(OX(C))− 2χ(OX) + h
0(OX(C))(lC + 2), (2.3)
which, Equation (2.1) and the condition (*) imply that
2h1(OX(C)) ≤ 2(q(X)− 1) + h
0(OX(C))(m(X) + 2),
which is the desired result by 2cX := m(X) + 2q(X).
Case (iii). Suppose C2 < 0. Then h0(OX(C)) = 1. Since X satisfies the BNC, there
exists a positive constant b(X) such that every curveC onX hasC2 ≥ −b(X). By Riemann-
Roch theorem,
2h1(OX(C)) = 2 + 2h
2(OX(C))− 2χ(OX) + lC − C
2, (2.4)
which, Equation (2.1) and the condition (*) imply that 2h1(OX(C)) ≤ 2q(X) + m(X) +
b(X), which is the desired result by 2cX := 2q(X) +m(X) + b(X).
In all, we complete the proof of Proposition 2.3. 
3. THE PROOF OF THEOREM 1.3
The proof of Theorem 1.3 is motivated by the following result.
Proposition 3.1. Let X be a smooth projective surface with ρ(X) = 2. Then the following
statements hold.
(i) NE(X) = R≥0[f1] + R≥0[f2], f
2
1 ≤ 0, f
2
2 ≤ 0 and f1 · f2 > 0. Here, f1, f2 are
extremal rays.
(ii) If a curve C has C2 ≤ 0, then C ≡ af1 or C ≡ bf2 for some a, b ∈ R>0.
(iii) Suppose a divisorD ≡ a1f1 + a2f2 with a1, a2 > 0 in (i). Then D is big. Moreover,
if D is a curve, then D is nef and big andD2 > 0.
Proof. By [7, Lemma 1.22], (i) and (ii) are clear since ρ(X) = 2. For (iii),D ≡ a1f1+a2f2
with a1, a2 > 0 is an interior point of Mori cone, then by [8, Theorem 2.2.26], D is big.
Moreover, ifD is a curve, then D is nef. As a result,D2 > 0. 
Lemma 3.2. Let X be a smooth projective surface with ρ(X) = 2. If κ(X) = 1 and
b(X) > 0, thenX satisfies Conjecture 1.2.
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Proof. Since κ(X) = 1, ρ(X) = 2 and κ(X) is a birational invariant, KX is nef and semi-
ample. By [3, Proposition IX.2], we have K2X = 0 and there is a surjective morphism
p : X → B over a smooth curve B, whose general fibre F is an elliptic curve. Since
b(X) > 0, X has exactly one negative curve C by [9, Claim 2.14]. In fact, p is an Iitaka
fibration of X . In [6], S. Iitaka proved that if m is any natural number divisible by 12 and
m ≥ 86, then |mKX | defines the Iitaka fibration. Hence, there exists a curve F as a general
fiber of p such that F ≡ mKX . Then by Proposition 3.1(i)(ii), NE(X) = R≥0[F ] +R≥0[C].
Note that (F · C) > 0 since ρ(X) = 2. Take a curve D ≡ a1F + a2C with a1, a2 ≥ 0. By
Proposition 3.1(iii),D2 > 0 if and only if a1, a2 > 0,D
2 = 0 if and only if D ≡ a1F .
Now suppose D ≡ a1F . Then lD = 0. Note that h
1(OX(D)) ≤ q(X)h
0(OX(D)) by
Riemann-Roch theorem and Equation (2.1). This ends the proof of this case.
Now supposeD2 > 0. Then (F ·D) ≥ 1 and (C ·D) ≥ 0, which imply that
a2 ≥ (F · C)
−1, a1 ≥ a2(−C
2)(F · C)−1. (3.1)
Therefore, by Equation (3.1),
lD =
(F ·D)
m(a1(F ·D) + a2(C ·D))
≤ (F · C)2(−mC2)−1.
Hence, there exists a positive constant m(X) such that lC ≤ m(X) for every curve C on
X . If ma1 ≥ 1, then (KX − D)D = (1 − ma1)(KX · D) − a2(C · D) ≤ 0. As a result,
h1(OX(D)) = q(X)h
0(OX(C)) by Riemann-Roch theorem and Equation (2.1). Ifma1 < 1,
then by Equation (3.1), a2 < (F · C)(−mC
2)−1. So D2 < 2m−2(F · C)2(−C2)−1. Hence,
by Proposition 2.3,X satisfies Conjecture 1.2. 
Now we give a useful result of the Nef cone when ρ(X) = 2.
Proposition 3.3. Let X be a smooth projective surface with ρ(X) = 2. If X has two
negative curves C1 and C2, then the nef cone Nef(X) is
Nef(X) =
{
a1C1+a2C2
∣∣∣∣a1(C1·C2) ≥ a2(−C22 ), a2(C1·C2) ≥ a1(−C21 ), a1 > 0, a2 > 0
}
.
Proof. Since ρ(X) = 2, NE(X) = R≥0[C1] + R≥0[C2] by Proposition 3.1(ii). As a result,
an effective R- divisor D ≡ a1C1 + a2C2 is nef if and only if D · C1 ≥ 0 and D · C2 ≥ 0,
which imply the desired result. 
Lemma 3.4. Let X be a smooth projective surface with ρ(X) = 2. If X has two negative
curves C1 and C2, then X satisfies Conjecture 1.2.
Proof. Note that NE(X) = R≥0[C1] + R≥0[C2] by Proposition 3.1(ii). We first show
that there exists a positive constant m(X) such that lC ≤ m(X) for every curve on X .
By [9, Claim 2.11], κ(X) ≥ 0, i.e., there exists a positive integral number m such that
h0(X,OX(mKX)) ≥ 0. Therefore,KX isQ-effective divisor. As a result,KX ≡ aC1+bC2
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with a, b ∈ R≥0. Take a curveD ≡ a1C1+a2C2 with a1, a2 > 0, then by Proposition 3.1(iii),
D2 > 0. As a result,D ·C ≥ 0 andX has no any curves with zero self-intersection. D2 ≥ 1
implies that eitherD ·C1 ≥ 1 andD ·C2 ≥ 0 orD ·C1 ≥ 0 andD ·C2 ≥ 1. Without loss of
generality, suppose thatD ·C2 ≥ 0 andD ·C1 ≥ 1. Then a1 ≥ (C
2
1 +(C1 ·C2)
2(−C22 )
−1)−1.
Here, C21 + (C1 · C2)
2(−C22)
−1 > 0 since ρ(X) = 2. By symmetry and Proposition 3.3,
ai ≥ c := min
{
(C2i +
(C1 · C2)
2
−C2j
)−1,
−C2j
(C1 · C2)
(C2i +
(C1 · C2)
2
−C2j
)−1
}
,
where i 6= j ∈ {1, 2}. Therefore,
lD =
a(D · C1) + b(D · C2)
a1(D · C1) + a2(D · C2)
≤ max
{
a
c
,
b
c
}
.
So there exists a positive constantm(X) such that lC ≤ m(X) for every curve onX .
If a1 > a and a2 > b, then
(KX −D)D = (a− a1)(D · C1) + (b− a2)(D · C2) < 0.
This and Equation (2.1) imply that
h1(OX(D)) = h
0(OX(D)) + h
2(OX(D)) +
(KX ·D)−D
2
2
− χ(OX)
≤ q(X)h0(OX(D)).
If a1 ≤ a or a2 ≤ b, then by Proposition 3.3, a2 ≤ a(C1 · C2)(−C
2
2 )
−1 or a1 ≤ b(C1 ·
C2)(−C
2
1 )
−1. As a result,
D2 ≤ max
{
2a2(C1 · C2)
2(−C22 )
−1, 2b2(C1 · C2)
2(−C21 )
−1
}
.
Therefore, X satisfies Conjecture 1.2 by Proposition 2.3. 
Proof of Theorem 1.3. It follows from Lemmas 3.2 and 3.4. 
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